The technique of building a covering space piece by piece was effectively exploited by Neuwirth [10] to construct nonsimply connected covering spaces. We give an alternative approach to constructing a regular covering space of a base B which is either the union of open sets B t and B 2 with connected intersection J5 0 , or which is an adjunction space B 1 U / B 2 , where / glues a closed subspace B o of B ι to B 2 . We assume that all spaces are connected, and that there is given a regular covering space ξ ζ of Bi for i -0,1, and 2, together with morphisms of covering spaces ξ 0 -• ξ i9 i -1, 2. By regarding a regular covering space as a principal bundle with discrete structure group and applying the associated bundle and clutching constructions, we obtain a regular covering space ξ of B as the pushout of ζ 1 <•-ξ 0 -> ζ 2 . The structure group of ζ is the pushout of the structure groups of ξ Q9 ξ 19 and ζ 2 . One may obtain in this fashion the universal covering space of B from universal covering spaces of B o , B 19 and B 2 , or one may obtain the universal abelian covering space (i.e., that one having the maximal possible abelian structure group) from the universal abelian covering spaces of B o , B 19 and B 2 . The proof is by universal mapping arguments. In contrast to Neuwirth [10] , the Seifert and Van Kampen theorem, under the hypotheses that all base spaces are locally connected and semi-locally simply connected, is a corollary. It is interesting that local homotopy conditions in a neighborhood of B Q , such as those assumed by Van Kampen and others ([15] , [11] , and [2] ), turn out to be unnecessary, provided the space B 1 is paracompact. On the other hand, the Van Kampen formulae may apply in cases where B Q is not connected or one of the J5 € does not have a universal covering space, neither case being included in our results.
The only difficult arguments involve the validity of the clutching construction [14] , [1] , and [7] for B 1 The author wishes to acknowledge that the formulation in terms of universal properties was suggested by the referee. 1* Universality of the associated bundle* If ξ is a principal bundle with structure group G, and u: G -* K is a continuous group homomorphism, then G acts on K on the left via u, and the associated bundle construction yields a new bundle with structure group K. This associated bundle is the solution to a certain universal mapping problem in the category of all principal bundles.
All spaces are assumed to be regular. Recall [14] 
Proof. For any point x of X, equation (1) (2) ( 2) h(
By the lemma, h G is unique and continuous. It is an easy consequence of (2) (3) holds. (3) iV(Ms)) = MP*(s))
Let ξ be a principal bundle, let K be a topological group, and let u: G ξ -+ K be a continuous homomorphism. Then G f acts on K on the left via u, and the "weakly" associated bundle with fibre K will be denoted by a u . See [14, § §8.7, 9.1] . The bundle space of a u is usually denoted by E x G K, where E = E ζ . It is formed as the quotient space of E x K by the relation which identifies a point (x, k) with (x <7, u{g~ι)k), for every element # of G ξ . The equivalence class of (x, k) is denoted <#, k). The action of ϋΓ on E x G K is defined by the rule (x, k x y k 2 = (x, k t k 2 y. The base space of a u is that of ξ, B ttu -B ξ . The projection is defined by the rule Pa u (x, k} = p ξ {x). There is a natural map u*: E-> E x G K defined by the rule u*{x) = {x, e), where e is the identity element of K. If u is understood, then it will be convenient to write ξ x G K for a u . (4) and (5) hold.
Proof. For x in E ξ and g in G ξ , u\x-g) = <a>#, e) = (x g, e) = (x, u(g)} = <α?, e} u(g) = %*(a?) tt(flf). This proves that u % is a morphism and u G = w. The conditions (4) and (5) on (h, vf are equivalent by (2) to defining
The uniqueness of (h, v)* follows also from this rule, so the proof is complete.
Roughly that theorem says that h: ξ -* ξ' factors through a u if and only if h G factors through K, and the former factorization is determined by the latter. In this sense the associated bundle is the solution to a universal mapping problem. ([3] , p. 127 f). There is given a common structure group K for principal bundles ξ 09 ξ ίy and f 2 with respective base spaces B 09 B iy and B 2 and there are given morphisms jιξo-+ξ 1 and h: ζ 0 -> ξ 2 such that j B : B o -• B t is the inclusion map and h B = f, and such that j G and h G are the identity homomorphism of K. If E t is the bundle space of ξ t for i = 0, 1, and 2, and let E = E 1 U n E 2 . The projection p of E onto B is defined by functoriality of the attaching construction, and likewise by functoriality K acts on E freely from the right. In order to conclude that ζ = (E, p, B, K) is a principal bundle it suffices to prove that the projection is locally trivial. We write ξ! U * f 2 for ζ. Let ζ 2 be a principal bundle, and let /: B o -> B ξ2 be a map. Let /*(£) be the induced principal bundle (/"^(f) in [14] ) with base B QJ and let/:/*(ί 2 ) -^^2 be the canonical morphism. Recall that f B =f,f σ is the identity homomorphism, f G : G f * {ξ2) = G ξ2 , and it is easy to see that Proof. For properties of the attaching construction see [3, pp. 127-129] . The canonical maps h' and f are the restrictions to E 1 and E 2 , resp., of the quotient projection of the free union, JEΊ + E 2 , onto E x U h E 2 . Assuming that ζ is a principal bundle, then h' and f fill in the pushout diagram ( [9] , p. 10) for j and h, since they do so as maps in the category of topological spaces. It remains to show that p is locally trivial. In case (2A 2 is a section of ξ (defined by functoriality of the attaching construction), the coordinate function defined by it being a homeomorphism by functoriality of the attaching construction. This completes the proof of theorem.
3* Universal covering spaces* The Seifert and Van Kampen theorem for regular covering spaces is the statement that pushouts exist in the category of regular covering spaces provided suitable conditions are satisfied by the base spaces. The construction does not generalize to locally compact principal fibre bundles since it would rely on the existence of pushouts in the category of locally compact structure groups.
A regular covering space of a connected base space B is a principal bundle with base B and a discrete structure group. The bundle space of a regular covering space is not assumed to be connected. The universal covering space of B (if it exists) is the regular covering space such that for a fixed element x 0 of E ς , ξ has the universality property: for any regular covering space £', for any map/: 5->B ξ ,, and for any point x f of E ζ , such that p ξ >(x') =f(p^(xo)) 9 there exists a unique morphism /-":£-•>£' such that (f") B = /, and f~(x 0 ) -x f . It is not hard to conclude that the universal covering space of a given base space B is unique up to isomorphism, that its bundle space is connected, that the universality property does not depend upon the choice of fixed element x 0 , and that it suffices to verify the univer-sality property relative to covering spaces ξ' with the same base B and for / equal to the identity of B. It is also known that if a regular covering space of a base B has a path connected simply connected bundle space, then it is the universal covering space of B, and its structure group is naturally isomorphic to the fundamental group of B. There exists an example ( [13] , p. 84 and [6] ) of a connected, locally path connected metric space B such that B has a universal covering space which is not simply connected.
We now consider circumstances similar to those of paragraph 2. There exists a discrete group, K, and there exist morphisms, w x and u 2 , of G ξl and G ?2 , respectively, into K filling in the pushout diagram for j G and h G (diagram II). Let u 0 -u x oj G = u 2 oh G . Using these homomorphisms define the associated bundles ζ € x G K -a u . for i = 0, 1, and 2. Then j and h induce morphisms
There are natural maps H r and J f induced by the clutching construction filling in a pushout diagram of spaces (the inside cell of diagram III). Let h' = H'ou\ and j=JΌu\.
Then diagram I is a pushout diagram, provided that ξ is a principal bundle. The theorem will be that this will be so in cases (3A), (3B), and (3C). Proof. In case (3B) note that since K is discrete, then for a point b of B o any two sections of ξ 0 x G K which are defined over neighborhoods of b must have the same germ over b. It follows that the restriction function of 2^ (6, ξ 1 x G K) to 5^(6, ζ 0 x G K) is an isomorphism, and case (2B) holds. In case (3C), we regard all regular covering spaces to be sheaves of sets. Let A be any closed subset of B o . By a standard theorem of sheaf theory ([4] , p. 150), any section over A extends to a section over a neighborhood of A, and since two sections must agree over an open set, then it follows that the restriction function of
is an isomorphism and case (2C) holds. We show that h f and f fill in the pushout diagram for j and h in the category of regular covering spaces. Suppose that for i = 0, 1, and 2, there are given morphisms £<:£<-•£' such that l 0 = j°k = h<>l 2 . Since then By its construction, I satisfies lohf -l γ , and loj' = i 2 and Z is the unique morphism which does so. Since l x and l 2 were arbitrary such that l^j = l 2 oh, this completes the proof that h' and f fill in the pushout diagram for j and h.
The Corollary 3.3 is the analogue for universal covering spaces of the Seifert and Van Kampen theorem. '(x') . We must find a morphism ?:£-•£' such that l(x) = x f , and show that such a morphism is unique, in order to complete the proof. We may assume that x is so chosen that there is a point x 0 in E ξQ such that h'(j(x 0 )) = x. For i = 0, 1, and 2, let £*: £* -> ξ' be the unique morphism such that (k) B is the natural map of B t into B defined by the attaching construction, and such that l o (x o ) = x'> li(j(%o)) = ®\ and l 2 (h(x Q )) = x'. Since they agree at one point, x Q , the maps l 0 , l^j, and I 2°h are all equal. Let I be the unique morphism such that l°h f -l ί9 and loj' = l 2 . This completes the proof.
COMMENT 3.4. Theorem 3.2 here stated and proven for all principal bundles with structure groups in the category of (discrete) groups, could be stated and be valid with no change in proof for any full subcategory of the category of principal bundles provided the corresponding category of structure groups had pushouts. The notion of universal principal bundle in that category would make sense provided the structure groups were discrete. For example, by taking the corresponding category of structure groups to be the category of abelian groups, one arrives at the notion of universal abelίan regular covering space, and Theorems 3.2 and 3.3 in terms of abelian regular covering spaces would remain valid. 4* Extension properties of germs* The extension properties of germs are developed for principal bundles in general, there being interest in the validity of the clutching construction. There is a tradeoff in hypotheses to be made, it being necessary to strengthen hypotheses on the base spaces in order to admit less stringent conditions on the structure group. Proof. The proof is a straightforward modification of standard arguments which conclude a global property from the corresponding local property; see [14] , p. 55, or [5] Let S^ be the set of all pairs (J, s), where J is a subset of /, and s is an extension of s 0 to a section of f x over a closed set, N s , which is a relative neighborhood of V o in Vj. Sf is partially ordered by 
x).t'(x) .
Then (J' U {i}, s") is an element of ^ greater than (J', s'), contrary to the maximality of ^ and of (J', s") It follows that J f = I. As previously observed, this proves the theorem. Proof. Since K is topologically complete and an ANR, then [8] every closed subset of B x has the neighborhood extension property in B x relative to K, and so 4.1 implies 4.2.
If the structure group, K, is not a Lie group, all is not lost. Proof. This straightforward application of the homotopy lifting property is left to the reader.
